AP Calculus BC - Sequences and Series

Chapter 11- AP Exam Problems solutions

=

100
. A = =l(5+nj , lim s, =

.1
" 5\4+n H—300 5 5

2. C 1. convergent: p-series with p=2>1
II. divergent: Harmonic series which is known to diverge

. 1
III. convergent: Geometric with | r | = 3 <1

3. A 1 Converges by Alternate Series Test

n
IT Diverges by the nth term test: lim l(zj #0

n—>o n
L

= 0
2

! dx = lim In(Inx)

IIT Diverges by Integral test: I; 1
xXinx L—o0

4. A 1. Compare with p-series, p =2
II. Geometric series with r :g

II1. Alternating harmonic series

5. B 1. Divergent. The limit of the nth term is not zero.
II. Convergent. This is the same as the alternating harmonic series.
III. Divergent. This is the harmonic series.

6. A  This is the integral test applied to the series in (A). Thus the series in (A) converges. None of
the others must be true.

7. D  The first series is either the harmonic series or the alternating harmonic series depending on
whether £ is odd or even. It will converge if & is odd. The second series is geometric and will

converge if k <4.
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o0
8 A Take the derivative of the general term with respect to x: Z:(—l)n+1 X2
n=1
2 3 3P (3x)
9. E Since e”:1+u+u—+u—+---,then e3x:1+3x+(i+_( x) +
2! 3! 2! 3!
9
The coefficient we want is 3 = 5
3045
10. B  The Maclaurin series for sint is t—;+;—--- .Let 1 =2x.
3 5 BN 2n-1
Sll’l(2x>—2 _@4_@_...4_( 1) (2X) F
3! 5! (2n—-1)!
3.5 213 2,5 6 10
11. A sinx=x——+—-—=> sinxzzxz——(x ) +_(x ) —---:xz—x—+x——--.
3t 5l 3! 5! 31 5!
3.5 345
. ) 1 1 1
12. E smxzx—x—er—; sinlxl-—+—=1——+—
31 5! 3! 5! 6 120

13. D If f(x)= Z a,x", then f'(x)= Z na,x" = Znanx"_l.
n=0 n=0 n=1

7'() = inanl”_l = inan
n=l1 n=1

14. A The series is the Maclaurin expansion of ¢ . Use the calculator to solve e * = X

15. D Thecenteris x=1, so only C, D, or E are possible. Check the endpoints.

© (_1] n
At x=0: Zu converges by alternating series test.
n=1 1

o0
1 S . . .
At x=2: Z— which is the harmonic series and known to diverge.
n=1"



© (_1 n
16. C  Check x=-1, Z (—) which is convergent by alternating series test

n=1 n
= 1
Check x =1, z — which is the harmonic series and known to diverge.
n=1 1

. . . . -1 o
17. C  This is a geometric series with » = XT Convergence for —1<r <1. Thus the series is

convergent for -2 <x<4.

18. B You may use the ratio test. However, the series will converge if the numerator is (—1)" and
diverge if the numerator is 1” . Any value of x for which |x + 2| >1 in the numerator will

make the series diverge. Hence the interval is -3 <x < —1.
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Solution
(a) Taylor approach Geometric Approach
f(2)=1 1o_ 1
/1(2)=-(2-1)" =+ x=1 1+ (x-2)
» ' =1- 2P ¥ 1Y "
r0)=202-1y =2 L0 R GV
2! where u =x -2
()= —6(2 -1V = 1 2) _
(2)=-6(2-1)" =-6; 3 =
Therefore L=1—(x—2)+(x—2)2—(95—2)3+....|.(_1)” (x—2)"+---

x—1
(b) Antidifferentiates series in (a):

n n+l
ln|x—1|:C+x—%(x—2)2 +%(x—2)3 -%(x—2)4+---+( ) ;5112) +

=ln|2-|0E&- 2

Note: If C #0, “first 4 terms” need not include —%(x - 2)4

(©) 1113_1115—1‘:l g, igd.
2 "2 2 T
1 1 1
2 8 24
since L<L l—1—0375 is sufficient.
24 2072 8

Justification: Since series is alternating, with terms convergent to 0 and
decreasing in absolute value, the truncation error is less than the first omitted

term. 1
N 1 od” 5
Alternate Justification: |R"| B (C _1)”” n+1 EH , Where 2<C'< 2
1 1
S— o
n+12"

<i when n =2
20
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Solution
1 1
(a) 0<————<— for 1n(n)>l, forn=3
n” In (n) n”

: 1 .
by p-series test, Z — converges if p > 1
n

0o
and by direct comparison, Z converges.

%S n’ In (n)

, SO series is S f(n)

n=

(b) Letf (x)= xlilx

2 X Inx b~ oo
Since f (x) monotonically decreases to 0, the integral test shows

® b
FIE L v =limlnjin x” = lim{In(In(b)) - In(In 2)] = >
2 )

0

1
,;nlnn

1 >
nInn nlnn

diverges.

>0 forp<lI,

00

so by direct comparison, Z
&S nPlnn

diverges for 0< p <1

Copyright © 2003 by College Entrance Examination Board. All rights reserved.
Available at apcentral.collegeboard.com
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Let f be a function that has derivatives of all orders for all real numbers.
Assume f(1)=3, f'()==-2, f"()=2,and f"(1)=4.

(a) Write the second-degree Taylor polynomial for f about x =1 and use it to
approximate f(0.7).

(b) Write the third-degree Taylor polynomial for f about x =1 and use it to
approximate f(1.2).

(c¢) Write the second-degree Taylor polynomial for /', the derivative of /', about x =1
and use it to approximate f'(1.2) .

1995 BC4
Solution

(a) Tz(x):3+(—2)(x—1)+%(x—l)2

£(0.7) ~3+0.6+0.09 =3.69

(b) T3(x):3—2(x—1)+(x—1)2+%(x—1)3
£(12)~3-04+ 0.04+§(0.008) —2.645

© T (x) ==2+2(x=1)+2(x-1)
£(1.2)x —2+0.4+0.08 =-1.52
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Let P(x)=7-3(x—4)+5(x—4)* —2(x—4)’ +6(x—4)* be the fourth-degree Taylor
polynomial for the function f about 4. Assume f has derivatives of all orders for all real
numbers.

(a) Find f(4) and f"(4).

(b) Write the second-degree Taylor polynomial for /' about 4 and use it to approximate

71(4.3).
(c) Write the fourth-degree Taylor polynomial for g(x) = L‘ F(t)dt about 4.

(d) Can f(3) be determined from the information given? Justify your answer.

1997 BC2
Solution

() P (x)=7=3(x=4)+5(x=4) =2(x-4)
P/(x)=-3+10(x—4)—6(x—4)’
/(4.3)=-3+10(0.3)-6(0.3)" =-0.54

(©) P(g,%)= [ B()dr

= [[[7-3(c-4)+5(r-4)y = (1-4) |ar
:7(x—4)—%(x—4)2+§(x—4)3—%(x—4)4

(d) No. The information given provides values for

£(4),£'(4),7"(4), f"(4) and £ (4) only.
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3. Let f be a function that has derfvatives of all orders for all real numbers, Assume f{0] = 5,
F1(0) = =3, F'(0) = 1, and f™(0) = 4.
{a] Write the third—degree Taylor polynomial for f about z = 0 and use it to approximate
Fl0.2).
(b} Write the fourth—degree Taylor polynomizl for g, where g(z) = f(z?), about = = 0.

(o] Write the third-degree Taylor polynomial for b, where hiz) = Jfr flt) di, ehout = = 0.
0

() Let b be defined as in part (c). Given that f{1) = 3, either find the exact value of R(1) or
explain why it cannot be determined.

(a) P(f)e) =53z + o7 + 2a° % 53+ 32 + 227

J(0.2) = P3(£)(0.2) = q < —1= each incorrect term,
0.04  2(0.008) extra term, or <4 ---
5—3(0.2) + T 1- ':! = 1: approximates [(0.2)
id.A425

<. =1 > for incorrect wse of =

2: Ba(f)(z*)
« —] = egch incorrect or extra term

() Pilg)e) = Bl/)e®) = 5 - 32 + 12*

© PE) = [ {-5—3t+%1?) dt L P)) = [P at
il ]
- 2 9 : 1 ! = 1: answear
= [E‘f - Eff i Ef]u 0/1 if any incorrect or extra terms
Gt Blipiilig
= ik 2:1. +ﬁ$."

id)

1
hi1) =).'; Ft)dt

cannot be determined because f{f) is known

only forf=0and t = 1

1: reason

3 { 1: k(1) cannot be determinad
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4. The function f has derivatives of all orders for all real numbers z. Assume f(2) = -3, f'(2) = 5,
f"(2) =3, and f"'(2) = 8.
(a) Write the third—degree Taylor polynomial for f about x = 2 and use it to approximate f(1.5).

(b) The fourth derivative of f satisfies the inequality |f(*)(z)| < 3 for all x in the closed interval [1.5, 2].
Use the Lagrange error bound on the approximation to f(1.5) found in part (a) to explain why

f(1.5) # —5.
(c) Write the fourth-degree Taylor polynomial, P(z), for g(z) = f(z? + 2) about z = 0. Use P to
explain why g must have a relative minimum at z = 0.

(a) T5(f,2)(z) = —-3+5(x—2)+ %(m -2)? - 2(1‘ —-2)? 3: T5(f,2)(x)
4 < —1> each error
f(L5) = T3(f,2)(1.5) 1: approximation of f(1.5)

= —3+5(-0.5) + g(—O.S)Q - %(—0.5)3

= —4.9583 = —4.958

(b) Lagrange Error Bound = %|1.5 —2|* = 0.0078125 1: value of Lagrange Error Bound
: 2
1: explanation

f(1.5) > —4.9583 — 0.0078125 = —4.966 > —5
Therefore, f(1.5) # —5.

(c) P(z)=Tai(g,0)(x) 2: Tu(g,0)(2)
< —1> each incorrect, missing,

=To(f,2)(2* +2) = -3+ 522 + %x‘l or extra term
1: explanation
The coefficient of x in P(z) is ¢'(0). This coefficient

is 0, so ¢'(0) = 0.

"
‘ 0
The coefficient of 2% in P(x) is J 2(' ) This coefficient

is 5, so ¢"(0) = 10 which is greater than 0.

Therefore, g has a relative minimum at z = 0.

Note:
< —1> max for improper use of + ... or
equality
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25.
Question 6
A function fis defined by
1 2 3 n+1
f(x):3+3$+33 +“‘+W

for all z in the interval of convergence of the given power series.

(a) Find the interval of convergence for this power series. Show the work that leads to your

answer.

f(z) - 3
(b) Find lim ——3
z—0 X

(c) Write the first three nonzero terms and the general term for an infinite series that

1
represents fo f(z)dz .

(d) Find the sum of the series determined in part (c).

(n + Q)xn+1
. n+2 . (n+2) T
lim | 3" 1 S - ‘ z ‘ 1
@ Jm e | T w3 T3S
3n+1

= 1

At x = —3, the series is Z (=" nt , which diverges.
n=

At x = 3, the series is z nT—H, which diverges.

n=0
Therefore, the interval of convergence is —3 < z < 3.

1
f(z) =5
(b) lim . 3—hm(322—|—3x+ix +- )

N
2—0 T z—0 33 34 9

2 3 n+1
(c) ff dz—f( e 1:—1—3—31: + - +3n+1x +---)d:c

(1 1 " o=l
= z+—:c + 2 e —ga” +)

3 3 371+1 2=0
1 1

— 3+32+33 ..._|__3n+1_|_...

1
(d) The series representing fo f(z)dz is a geometric series.

1
Therefore, j(; f(z)dz =

1 : sets up ratio test
1 : computes limit
4
1 : conclusion of ratio test
1 : endpoint conclusion
1 : answer

1 : antidifferentiation
of series
3: 1 1: first three terms for

definite integral series

1 : general term

1 : answer
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26
Question 6
The Maclaurin series for the function f is given by
00 A < |
2z )" ! 472 8g® 16w (2z)" !
- —op 2 0T ety
f(z) n $+2+3+ 1 + +n+1+

n=0
on its interval of convergence.
(a) Find the interval of convergence of the Maclaurin series for f Justify your answer.
(b) Find the first four terms and the general term for the Maclaurin series for f'(z).
1

(¢) Use the Maclaurin series you found in part (b) to find the value of f'(fg

(21.)71,+2

n—00 (2:p)"+1 n—00 (’Il +2)
n+1

‘2z‘<1 for —%<$<%

1 0
At z = — | the series is
2’ ,,Z:o n

this is the harmonic series.

which diverges since

o0
At z = —%, the series is z (—1)n+t n;—l—l which

n=0

converges by the Alternating Series Test.

. . 1
Hence, the interval of convergence is —5 <z <-—.

(b) f(z) =2+ 4z + 822 +162° + ... +2(2z)" + ...

(c) The series in (b) is a geometric series.

(et el e () o

3 3 3
4 8 16 2\"
S W B AT | B
3+9 27+ * ( 3) +
2 6
- 275
142
+3
OR
1 1
fl(z) = | —22m for —3<e<3. Therefore,
1 2 6
(R
3 2 5
14 %
+3

N —

3

. sets up ratio
: computes limit of ratio

: identifies interior of interval

of convergence

. analysis/conclusion at endpoints

1: right endpoint
1: left endpoint

< —1 > if endpoints not z = :I:%

< —1 > if multiple intervals

: first 4 terms

. general term

. 1. e
: substitutes £ = —= into infinite

series from (b) or expresses series

from (b) in closed form

. answer for student's series
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27. Question 6

1 — "
The Maclaurin series for ln(1 ) is E T with interval of convergence —1 <z < 1.
-

n=1 n

(a) Find the Maclaurin series for ln(
1+ 3z

) and determine the interval of convergence.

(b) Find the value of zﬂ

n=1 n

(0.9] (0.9]

-1 1

(¢) Give a value of p such that E ( n7’) converges, but E o diverges. Give reasons why
n=1

n=1

your value of p is correct.

1 =1
(d) Give a value of p such that Z—p diverges, but ZTp converges. Give reasons why your
n n

n=1 n=1

value of p is correct.

(a) ln( ! )— In _
143z 1—(—3z) { 1 : series
00 n 00 n 1 : interval of convergence
(—3z) 3
— —1) 2 e
,,; ot ";( ) —
We must have —1 < —3z < 1, so interval
1 1
of convergence is — = <z < —.
3 3
g (=1)" 1 (1) 1: answer
b =In|l———|=1n|=
(b) ; n 1= (—n) T M2
(¢) Some p such that 0 < p < % because 1 : correct p
oo —1)" . (—1)"
z( p) converges by AST, but the 3 1 1:reason why » P converses
n=1 n 1
1 : reason why ZT[) diverges
n

o0
: .
p-series ZTp diverges for 2p <1.
n

n=1

1
(d) Some p such that 3 < p <1 because the 1 : correct p

00 1
1 . :
p-series E — diverges for p <1 and the 31 1:reason why Z nP diverges
n
n=1

1
o> 1 : reason why g —; converges
p-series g —5,; converges for 2p > 1. n
n

n=1

Copyright © 2002 by College Entrance Examination Board. All rights reserved.
Advanced Placement Program and AP are registered trademarks of the College Entrance Examination Board.

7



AP® CALCULUS BC
28.

Question 6

The function f is defined by the power series

Z ( 1)77 B .T2

«(2n + 1)1

for all real numbers z.

(a)
x = 0. Give a reason for your answer.

1 1
Show that 1 — 3 approximates f(1) with error less than —

100°

et

(2n +1)!

2003 SCORING GUIDELINES

2n

(1,

Show that y = f(z) is a solution to the differential equation zy’ + y = cosz.

Find f/(0) and f”(0). Determine whether f has a local maximum, a local minimum, or neither at

f'(0) = coefficient of z term = 0

f"(0) = 2 (coefficient of z° term) = 2(—%) = —%
f has a local maximum at z = 0 because f(0) = 0 and
f"(0) < 0.
b) fy=1-=+1- Lo GV
- 31 5T (2n +1)!

This is an alternating series whose terms decrease in

absolute value with limit 0. Thus, the error is less than the

first omitted term, so |f(1) — (1 - %)‘ < % = % ﬁ
;o _2_.T @ B 6x° (_1)n2n$2n—1
(€ v=myt e @n +1)!
, 272 42t 62° (—1)"2nx
3! 5! 7! (2n + 1)!
!/ o 2 1 2 4 1 4 6 1
Ty +y = —54-—‘ +a+a$—ﬂ+ﬂx + -
2n 1 9
_1’” n ..
+ )[(Qn—i-l)‘ (2n+1)!]’“" +
_ Lo b 4 1 5 (=D" o
_1—555 +ﬂx ax +..+W + ..
= CcosT
OR
3
— — _.'II_ . _1\n 1 2n+1
y = af(@) =z — 5+ +( )(2n+1) +
=sinz

zy' +y = (zy) = (sinz) = cosz

—_ =

1 : error

: f(0)
: £7(0)
: critical point answer
: reason
bound < L

100

. /
: series for y

: series for zy’

: series for zy’ + y

: identifies series as cosz

OR

: series for zf(z)
: identifies series as sin z
: handles zy’ + y

: makes connection
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29.
Question 6

The function f has a Taylor series about x = 2 that converges to f(z) for all z in the interval of

convergence. The nth derivative of f at x = 2 is given by [ (2) =

(n+1)!

for n > 1, and f(2)=1.

371

(a) Write the first four terms and the general term of the Taylor series for f about z = 2.

(b) Find the radius of convergence for the Taylor series for f about z = 2. Show the work that leads to

your answer.

(c) Let g be a function satisfying ¢(2) = 3 and g¢'(z) = f(z) for all 2. Write the first four terms and

the general term of the Taylor series for ¢ about z = 2.

(d) Does the Taylor series for ¢ as defined in part (c) converge at * = —27 Give a reason for your answer.

2! 3! 4!
@) 1O =1 FO) =2 "o =25 o) =
2 3! , Al ;
(n+1)! n
+...+W(x_2) + ...
2 3 2 4 3
:1+§(x—2)+3—2(x—2) +3—3(a:—2) +
1
_f_..._f_%(x_Q)"_}_...
n+ 2
_2n,+1
(b) lim 3n+1( ) = nt2 l|33— |
n—00 n+1($_2)n n—oon +1 3
37L

1
= §|37—2|<1 when |z — 2] < 3

The radius of convergence is 3.

(©) 92 =3;9'2)=/f2); ¢"2) = f'2); ¢"2) = f"2)
g(x):3+(a:—2)+%(a:—2)2 +3i2(a:—2)3 +
I %(I —2)"

(d) No, the Taylor series does not converge at x = —2
because the geometric series only converges on the

interval |z — 2| < 3.

/M) .
|

1 : coefficients % in
first four terms '

: powers of (z — 2) in
first four terms

1 : general term

1 : sets up ratio

1 : limit

3 :{ 1: applies ratio test to
conclude radius of

convergence is 3

1 : first four terms

{ 1 : general term

1 : answer with reason
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Question 6

Let f be the function given by f(x) = sin(Sx + £), and let P(x) be the third-degree Taylor polynomial

4
for f about x = 0.

(a) Find P(x).

(b) Find the coefficient of x*% in the Taylor series for f about x = 0.

f(llo) P(%) T

100°
(d) Let G be the function given by G(x I f(t)dt. Write the third-degree Taylor polynomial

(c) Use the Lagrange error bound to show that

for G about x = 0.

2 4: P(x)
2

(=1) each error or missing term

@ f(0)= sin(%) _

f(0) = SCOS(”) ﬂ
4 deduct only once for sin (%)

f7(0) = =25sin ( ) 25J— evaluation error
deduct only once for cos(Z
f'”(0)=—125cos(£):—125\/§ only (%)
4 2 evaluation error

252 252 125v2
P(x)=7+ 5 X 2(2')x2 2030 X

(~1) max for all extra terms, +---,
misuse of equality

) —522.> 5. 1 :rr-lagnitude
2(22!) 1 :sign
1 1 @, (1) 1) , : .
©) |fl==]—-Pl=]| £ max ‘ f (c)‘ — = 1 : error bound in an appropriate
10 10)| = pensn 41)\10 . .
Sesy inequality
L 625 ( 1 )4 11
e <
41 \10 384 100
(d) The third-degree Taylor polynomial for G about 2 : third-degree Taylor polynomial for G
x bout x = 0
x:OisJ(%+¥t 2542 > jdt oy
0 (1) each incorrect or missing term
_N2 52 o 25J— e
T AT Y T (-1) max for all extra terms, + ---,

misuse of equality

Copyright © 2004 by College Entrance Examination Board. All rights reserved.
Visit apcentral.collegeboard.com (for AP professionals) and www.collegeboard.com/apstudents (for AP students and parents).
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Question 2

Let f be a function having derivatives of all orders for all real numbers. The third-degree Taylor
polynomial for / about x = 2 is given by T(x) = 7 - 9(x — 2)* = 3(x — 2)°.

(a)

Find £(2) and f”(2).

(b) Is there enough information given to determine whether / has a critical pointat x = 2 ?

If not, explain why not. If so, determine whether f(2) is a relative maximum, a relative minimum,

or neither, and justify your answer.

(¢) Use T(x) to find an approximation for f(0). Is there enough information given to determine
whether f has a critical point at x = 0 ? If not, explain why not. If so, determine whether f(0) is a
relative maximum, a relative minimum, or neither, and justify your answer.

(d) The fourth derivative of f satisfies the inequality | f (4)(x)‘ < 6 for all x in the closed interval
[0, 2]. Use the Lagrange error bound on the approximation to f(0) found in part (c) to explain why
f(0) is negative.

@ f(2)=T(2)=7 2,{1:f(2)=7

(2 ’ "1 f7(2) =18
fz('):—9sof(2):—18 /12)

(b) Yes,since f(2) =T'(2) =0, f does have a critical 1 :states f7(2) =0
point at x = 2. 2: 4 1:declares f(2) as arelative
Since f”(2) =-18 <0, f(2) is arelative maximum maximum because f”(2) < 0
value.

© f(0)=T7(0) =5 11 £(0) = 7(0) = -5
It is not possible to determine if f has a critical point 3 1 : declares that it is not
at x = 0 because 7(x) gives exact information only : possible to determine
at x = 2. 1 : reason

(d) Lagrange error bound = £|O —2I'=4 I+ value of Lagrange error

4! 2: bound
f(0)<T(0)+4=-1 1 : explanation

Therefore, f(0) is negative.

Copyright © 2004 by College Entrance Examination Board. All rights reserved.
Visit apcentral.collegeboard.com (for AP professionals) and www.collegeboard.com/apstudents (for AP students and parents).
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Question 6

Let f be a function with derivatives of all orders and for which f(2) = 7. When 7 is odd, the nth derivative

of fat x = 2 is 0. When 7 is even and n > 2, the nth derivative of f at x = 2 is given by /" (2) =

(a) Write the sixth-degree Taylor polynomial for f about x = 2.

(n—1)!
3

(b) In the Taylor series for f about x = 2, what is the coefficient of (x — 2)2" forn>17?

(c) Find the interval of convergence of the Taylor series for f about x = 2. Show the work that leads to your

answer.
11 Il Pl .

(@) Pi(x)=7 +3—25 x—2) +33—4-m(x -2)* +§—6-a(x— 2)° 1 : polynomial about x = 2

2: By (x)

3: (1) each incorrect term
(—1) max for all extra terms,
+ -+, misuse of equality
2n —1)! :
(b) ( ’;2” ) '(211)' = 7 22 ) 1 : coefficient
: n

(c) The Taylor series for f about x = 2 is 1 : sets up ratio

=7+ —_(x-2)™
n=1 2n-3 "
1 1 2(n+1)
' (x=2)
2(n+1
I - lim 2(n+1) 320+
n—oo 1 1 2n
E 3211 ()C - 2)
. 2n 32 2| _ (x- 2)2
B nh—>rrolo 2(n+1) 32320 (¥=2)") = 9

L <1 when |x—2|< 3.
Thus, the series converges when —1 < x < 5.

32" 1 i
=7+
n=1 2n- 32" 2 n=1

(o)

When x = 5, the seriesis 7 +

2

1
n

oo
. . 1 . . .
which diverges, because Z—, the harmonic series, diverges.
n

n=1

_ . - (3" 1wl
When x = —1, the seriesis 7 + E 5 —7+—E -,
n=12n'3n znzln

oo
. . 1 . . .
which diverges, because Z—, the harmonic series, diverges.
n

n=1

The interval of convergence is (-1, 5).

1: computes limit of ratio
1: identifies interior of

5: interval of convergence

1 : considers both endpoints
1 : analysis/conclusion for

both endpoints
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Question 3

The Taylor series about x = 0 for a certain function f converges to f(x) for all x in the interval of
convergence. The nth derivative of f at x = 0 is given by

(-1 (n +1)!

3 for n > 2.
5"(n—-1)

7(0) =

The graph of f has a horizontal tangent line at x = 0, and f(0) = 6.

(a) Determine whether f has a relative maximum, a relative minimum, or neither at x = 0. Justify your
answer.

(b) Write the third-degree Taylor polynomial for f/ about x = 0.

(c) Find the radius of convergence of the Taylor series for f about x = 0. Show the work that leads to
your answer.

(a) f hasarelative maximum at x = 0 because 5. 1 : answer
f(0) =0 and f”(0) <0. " | 1 :reason
(b) f(0)=6,f(0)=0 3: P(x)
£7(0) = — 3t __6 "(0) = 4 (-1) each incorrect term
5212 25° 5322 Note: (—1) max for use of extra terms
x4 3 5, 1 ;3
(x)=6 5221 5%2%3) 25" T1257
(n) _1\ntl
©) u,= f—'(o)x” = L(nzl)x” 1 : general term
& 5"(n=1) 1 : sets up rati
: p ratio
(_1)”+2 (n+2) n 4: < 1:computes limit
U, gn+l, 2 X 1 : applies ratio test to get
u, | —1)" (n+1) radius of convergence
n
5" (n -1y
(n+2\(n—1\*1
= 1|
n+1 n 5
Upil 1 :
li = _|x| < 1if |x| < 5.
Smlou, 5
The radius of convergence is 5.
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Question 6

The function f is defined by the power series

ox 2% 3 (=1)" nx"
S ==t

for all real numbers x for which the series converges. The function g is defined by the power series
2 3 n._n
PR S S SR ) A
) ==+ = T )
for all real numbers x for which the series converges.
(a) Find the interval of convergence of the power series for f. Justify your answer.
(b) The graph of y = f(x) — g(x) passes through the point (0, —1). Find y’(0) and y”(0). Determine whether y

has a relative minimum, a relative maximum, or neither at x = 0. Give a reason for your answer.

-1 n+l +1 n+l +1 2
(a) (=1) n(’j_z X n;ll-l —| = (r(zn+ 2))(n) | x| 1 : sets up ratio
(=1)" nx 1 : computes limit of ratio
. (n+ 1)2 1 : identifies radius of convergence
lim ——— | x| = |x| 5: . .
n—eo (n +2)(n) 1 : considers both endpoints
The series converges when —1 < x < 1. 1 : analysis/conclusion for
When x = 1, the series is —% + % - % + e both endpoints
This series does not converge, because the limit of the
individual terms is not zero.
When x = —1, the series is %+%+ 3 + -
This series does not converge, because the limit of the
individual terms is not zero.
Thus, the interval of convergence is —1 < x < 1.
®) f(x) = —% + %x - %xz +oand £/(0) = —%. 1: /(0
1:57(0)
’ _ 1 2 3 2 ’ _ 1 4 -
g(x) = Tt T T and g°(0) = Rk 1 : conclusion
1 : reasoning
¥'(0) = 17(0) - g'(0) = 0
0 = and "0y = 22 L
f(O)_3 andg(O)—4'—12
Thus, y"(0) = % - % >0
Since »’(0) =0 and »"(0) > 0, y has a relative minimum
at x = 0.
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Question 6

The function £ is defined by f(x) = . The Maclaurin series for f is given by

1+ x°

3
non

1= +x8 =+ (1) X"+

which converges to f(x) for -1 < x < 1.

(a) Find the first three nonzero terms and the general term for the Maclaurin series for f’(x).

(b) Use your results from part (a) to find the sum of the infinite series —2% + 5 _9 +oee+ (=1)"

2’ 28

3n
23}’1—1

X
(c) Find the first four nonzero terms and the general term for the Maclaurin series representing -[0 f(2) dt.

1/2
(d) Use the first three nonzero terms of the infinite series found in part (c) to approximate I 0/ f(t) dt. What are

. . . 1/2 . S
the properties of the terms of the series representing Io f(2) dt that guarantee that this approximation is

s 1 .
9
within 10,000 of the exact value of the integral?
(@ f(x)= Bt e’ -0+ 4 3n(-1)" PRI ) { 1 : first three terms
" | 1: general term
(b) The given series is the Maclaurin series for f’(x) with x = % 1: f(x)
\ , 5 2: l: f/(l)
f(x)=—(1+x) (3x) 2
1 3(%) 16
Thus, the sum of the series is f’(—) ==
2 (1 1)2 27
+ p—
8
x 47 10 —1)" 3 1 : first four terms
(C) f 13dt:x_x_+x__x_+...+L+... 2{
0 1+¢ 4 7 10 3n+1 1 : general term
oy
12 2 5
(d) J L Tt = 112/ + 2— 1 : approximation
0o l+1¢ 2 4 7 .
: 3 1 : properties of terms
The series in part (c) with x = 3 has terms that alternate, decrease in " | 1: absolute value of
absolute value, and have limit 0. Hence the error is bounded by the fourth term < 0.0001
absolute value of the next term.
1V 1\ 1\10
1/2 = = =~
SR R 6 I 1 I N A
== = .0001
L A e 10~ 10240 < 0000




AP® CALCULUS BC
2007 SCORING GUIDELINES

36. .
Question 6

Let f bethe function givenby f(x) = €%

(@) Writethefirst four nonzero terms and the general term of the Taylor seriesfor f about x = 0.

f— 2 —
(b) Useyour answer to part (a) tofind lim 1x—f(x)
x—0 X4

2
(c) Writethe first four nonzero terms of the Taylor series for Joxe" dt about x = 0. Usethefirst two

. 1/2 42
terms of your answer to estimate IO e dt

1/2
(d) Explain why the estimate found in part (c) differs from the actual value of IO/ e‘t2 dt by lessthan

1
200°
2 2)\2 23 2\n
e, (=) (=) (=) (-x*) | a8
@ e”* =1+ 1 + o + 3 4o+ o + . 1:twoof 1, —x°, 5 6
i 4 (6 (=1)" x2" " | 1:remaining terms
I S-S nl 1: general term
l—X2 _ f(X) 1 X2 ) (_1)n+1X2n—4
) —————— 2=+ + Yy 2L 1: answer
x* 26 n; n!
— 2_
Thus, Iim(lx—f(x)jz—l.
x—0 X4 2
X 12 (et 1 (=1)"t*"
(o) Ioe‘ dt = 1-t +7—€+~~+T+m dt 1:twoterms
0 ’ 3:{ 1:remaining terms
3 5 7 .
X XX 1: estimate
XT3t e’

Using the first two terms of this series, we estimate that
1/2 2 1 (1\/1\_ 11
Jo e ta=3-(3)5)-%

12 2 11] (1 1 1 1 .

Jo e a4 <(3] 15~ 220 < 200 3
2n+1

oy

1/2 .2 2
Io etdt=>

= nl(2n+1)

series with individual terms that decrease in absolute value
to 0.

(d)

, which is an alternating

1: usesthethird term as
2: the error bound
1: explanation
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Question 6

Let f be the function given by f(x) = 6e~*!? for all x.

(a)
(b)

Find the first four nonzero terms and the general term for the Taylor series for f about x = 0.

Let g be the function given by g(x) = J ; f(¢) dt. Find the first four nonzero terms and the general term for the Taylor

series for g about x = 0.

(c¢) The function 4 satisfies s(x) = k f'(ax) for all x, where a and k are constants. The Taylor series for 4 about x = 0
is given by
XX x"
h(x) :1+x+2—!+¥+---+ﬁ+---
Find the values of a and k.
2 3 1Y 2 3
) f(x)=61-2+= —x—+---+&+--- 1 : two of 6, —2x, 2, -2
302132 313 n!3" 37027
5 ; 0 1 : remaining terms
=6—2x+%—;—7+---+&+ 1 : general term
n
n!3 (~1) missing factor of 6
(b) g(0)=0 and g'(x) = f(x), so 1 : two terms
2 3 4 1) 1 : remaining terms
g(x):6 x_x_+x__x_ +¢ 1 |
3 4 6(—1Y" £ (~1) missing factor of
—br-xt+ ( ) x
9 4(27) (n+1)13"
© f'(x)=-2¢" so h(x)=—2ke ™/ 1 : computes k f'(ax)
2 n 1 : recognizes h(x) = e*
— n N x_ X 9
h(x) = 1+x+2'+3|+ T =e 3. or
ke /3 Z o equates 2 series for /(x)
1 : values for a and &

_Tazland—2k=1

__ -1
a=-3and k = 5
OR
' 2
Sf'(x) =—2+§x+---, )
h(x) = kf'(ax) = —2k+%akx+---
h(x)=1+x+--

-2k =1 and %ak =1

kz—%anda:—3
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Question 3

hx) | W(x) | W) | W) | W9
11 30 42 99 18
488 448 584
80 128 3 3 9
753 1383 3483 1125
317 2 4 16 16

Let h be afunction having derivatives of all ordersfor x > 0. Selected values of h and itsfirst four
derivatives are indicated in the table above. The function h and these four derivatives are increasing on

theinterval 1< x < 3.

(a) Writethefirst-degree Taylor polynomial for h about x = 2 and useit to approximate h(1.9). Isthis
approximation greater than or less than h(1.9) ? Explain your reasoning.

(b) Write the third-degree Taylor polynomial for h about x = 2 and useit to approximate h(1.9).

(c) Usethe Lagrange error bound to show that the third-degree Taylor polynomial for h about x = 2

approximates h(1.9) with error lessthan 3x107%.

(8 R(x)=80+128(x - 2), s0 h(L9) = B(1.9) = 67.2

R(1.9) < h(1.9) since h" isincreasing on the interval
1<x<3

488

(b) Py(x) =80 +128(x - 2) + Z22(x - 2)? +4lig3(x— 2)2

h(1.9) =~ Py(1.9) = 67.988

(c) Thefourth derivative of h isincreasing on the interval

1<x<3 so max h(4)(x)‘ :@.
1.9<x<2 9
4
Therefore, [n(1.9) - Py(19)| < %%
= 2.7037x10°*

<3x107*

- R(X)
: R(1.9)
: R(1.9) < h(1.9) with reason

L B3(x)
1 R(1.9)

5. { 1: form of Lagrange error estimate
1: reasoning
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Question 6

Consider the logistic differential equation % = %(6— y). Let y = f(t) bethe particular solution to the
differential equation with f(0) = 8.

(@) A dopefield for this differential equation is given below. Sketch possible

solution curves through the points (3, 2) and (0, 8). N NN
(Note: Usethe axes provided in the exam booklet.) DEIIIIIIIIIIN
(b) Use Euler's method, starting at t = O with two steps of equal size, to T I
approximate f (1). NIy,
c) Write the second-degree Taylor polynomial for f about t = 0, and use it NI,
(©) egree laylor poly
to approximate f (1). i IAAASAAAAaaS
(d) What istherangeof f fort > 07? SRS AN AINAINA
a 1 1: solution curve through (0,8
2 .
" | 1: solution curve through (3,2)

(b) 5 { 1 : Euler's method with two steps

" | 1: approximation of f (1)

d’y _1dy y(_dy . d?y
(©) e ga(fi— y)+ §(_E) 2: e
£(0)=8 f(0)= dy 1: second_—deg.ree Taylor polynomial

dt 1: approximation of f (1)

=5(6-8)= 2 and
t=0

s d%yl 1 8. 5
f7(0) = pres W g(A(=2)+3(2) =3
The second-degree Taylor polynomial for f about
t=0is Py(t) =8—2t+%t2.
29
f(D) = RO =5

(d) Therangeof ffort>0is6<y<8. 1: answer
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Question 6

2X
1+ x?
(@) Writethefirst four nonzero terms and the general term of the Taylor seriesfor f about x = O.

Let f bethefunctiongivenby f(x) =

(b) Doesthe seriesfound in part (a), when evaluated at x = 1, convergeto f (1) ? Explain why or why

not.
(c) Thederivative of In(1+ x2) is 1 2X2. Write the first four nonzero terms of the Taylor series for
+ X
In(1+x?) about x = 0.
(d) Usethe seriesfound in part (c) to find arational number A such that ‘A— In(%)‘ < ﬁ Justify
your answer.
@ ﬁ =1+u+U2 4 +U"+ - 1: two of thefirst four terms
1 2 4 e N 3: ¢ 1:remaining terms
1+X2=1—x + X =X +---+(—x) + - 1: general term
2X2 =2X— 20 + 2X° = 2X 4 -+ (D) 2x2ML 4
1+x
(b) No, the series does not converge when x = 1 because when 1 : answer with reason
x =1, the terms of the series do not convergeto O.
2
© In(1+x?) :f > it , . [ 1:twoof thefirst four terms
°X1+t "] 1: remaining terms
=j0(2t—2t3+2t5— t7 ) dt
2 Ll 1,
=X =X X =X+
5\ 1\ (1\2 1/1\*, 1/1\® 1/1\® , 1
(d) In(z)—ln(1+z)—(§) _5(5) +§(§) _Z(E) 4o .. 1:uses x =3
12 (11 7 "] 1:vaueof A
LetA:(E) _(E)(E) 7 1: justification
Since the seriesis a converging alternating series and the
absolute values of the individual terms decrease to 0,
5\ [1/1\¢] 1 1 1
‘A_'n(Z) < §(§) =354 < 100°
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Question 4

Consider the differential equation % = 6x% - X%y. Let y = f(x) beaparticular solution to this

differential equation with theinitial condition f(-1) = 2.

(8 UseEuler’s method with two steps of equal size, starting at x = -1, to approximate f(0). Show the
work that leads to your answer.
2
(b) Atthepoaint (-1, 2), the value of % is —12. Find the second-degree Taylor polynomial for
X

f about x = —1.

(c) Findtheparticular solution y = f(x) to the given differential equation with the initial condition
f(-1) =2

) f(—%) = f(—l)+£%‘ ]-Ax 5 1 : Euler's method with two steps
(-1.2) | 1:answer
_ 1
=2+4 5 = 4
1 dy
fOzf(——)+ - - AX
R { : <i~4)J
11 17
=432
(b) Pz(x):2+4(x+1)—6(x+1)2 1: answer
© Y_2e-y) 1: separation of variables
dX - y Sep
1 , 2 : antiderivatives
J—G— y dy = J.X dx 6: < 1: constant of integration
1 3 1: usesinitial condition
—In|6—y|:§x +C 1: solvesfor y
1
-In4=-3+C Note: max 3/6 [1-2-0-0-0] if no constant of
c=1_iha integration
3 Note: 0/6if no separation of variables
_yl=_tpe (1_
Inj6—y|= 3% (3 In4)
1
6-yj=ae &
1
y =646 3
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42. Question 6
. . <X N X" . . . .
The Maclaurin seriesfor €” ise” =1+ X+ > + 3 +ee or + ---. The continuous function f is defined
D _q : -
by f(x)=—=———=for x#1and f(1) =1. Thefunction f has derivatives of all ordersat x = 1.

(x=1)°

2
(@) Writethefirst four nonzero terms and the general term of the Taylor series for e*D” apout x = 1.

(b) Usethe Taylor seriesfound in part (a) to write the first four nonzero terms and the general term of the
Taylor seriesfor f about x = 1.

(c) Usetheratio test to find the interval of convergence for the Taylor series found in part (b).
(d) Usethe Taylor seriesfor f about x =1 to determine whether the graph of f has any points of

inflection.
4 6 2n . fi
@ 1+(x—1)2 N (x-1) N (x-1) . (x-1) . 5. {1.f|rstfourterms
2 6 n! | 1: general term
(x—=1% (x=-1* (x=)° (x—=1)*" {1:firstfourterms
b) 1+ + + +o bt 2:
() 2 6 24 (n+1)! 1: genera term
(X_l)2n+2
! ! —1)?

© lim|—(NF20 f i (DY g2 i X217 1: setsup ratio

Nn—oo (X_1)2” n—eo (N + 2)! nooo N+ 2 o .

CEET 3: 4 1:computeslimit of ratio
+1)!
1: answer

Therefore, the interval of convergence is (—oo, o).

(d) f”(x)=1+4—é3(x—1)2+%(x—1)4+--- 2.{1: £7(x)
B " | 1: answer
m(x_l)zn—z e
(n+ 1!
Since every term of this series is nonnegative, f”(x) > 0 for all x.
Therefore, the graph of f has no points of inflection.
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Question 6

The function f is defined by the power series

f(x):1+(x+1)+(x+1)2+---+(x+1)”+---=Z(x+1)”
n=0
for all real numbers x for which the series converges.

(@ Find theinterval of convergence of the power seriesfor f. Justify your answer.
(b) The power series above isthe Taylor seriesfor f about x = —1. Find the sum of the seriesfor f.

c) Let g bethefunction defined by g(x) = “ £ () dt. Find the value of g _1 , if it exists, or explain
(©) be the f defined b . 5

why g(—%) cannot be determined.

(d) Let h bethefunction defined by h(x) = f(x* —1). Find thefirst three nonzero terms and the general

term of the Taylor seriesfor h about x = 0, and find the value of h(l).

2
(8 The power seriesisgeometric with ratio (X +1). 1: identifies as geometric
The series convergesif and only if |x +1] < 1. 3:41:|x+1<1
Therefore, the interval of convergenceis —2 < x < 0. 1:interval of convergence
OR OR
n+l
lim % =|x+1 <1lwhen -2<x<0 1: setsup limit of ratio
n—eel (X +1)

3: 4 1:radiusof convergence

At x = -2, theseriesis » ' (~1)", which diverges sincethe 1:interval of convergence

n=0

terms do not convergeto 0. At x = O, the seriesis ZL

n=0
which similarly diverges. Therefore, the interval of
convergenceis -2 < x < 0.

(b) Sincethe seriesis geometric, 1: answer
-5 A S
f(x)_nzz;)(x+1) =T D - » for -2<x<0.
1 3 1 x=—3 1: antiderivative
2 -2 . :
C -=|= —=dx =-In|x =1In2 2.
© g( 2) f—l X | |x:—1 {1:va|ue
(@ h(x)=f(X*-1) =1+ + X"+ 4 X"+ 1: first three terms
. ] 1:genera term
RIS "
2 4 1

3 1: value of h(?)
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Question 6
44,

cosx—1 for x#0

5 for x=0

The function f, defined above, has derivatives of all orders. Let g be the function defined by
g(x) =1+ jox f(t) dt.

(@) Writethe first three nonzero terms and the general term of the Taylor seriesfor cosx about x = 0. Usethis
seriesto write the first three nonzero terms and the general term of the Taylor seriesfor f about x = O.

(b) Usethe Taylor seriesfor f about x = 0 found in part (a) to determine whether f has a relative maximum,
relative minimum, or neither at x = 0. Give areason for your answer.

(c) Write the fifth-degree Taylor polynomial for g about x = 0.

(d) TheTaylor seriesfor g about x = 0, evaluated at x =1, isan aternating series with individual terms that
decrease in absolute value to 0. Use the third-degree Taylor polynomial for g about x = O to estimate the

value of g(1). Explain why this estimate differs from the actual value of g(1) by lessthan %
2 4 2n
1 X X X -
(& cos(x)=1 >t + (-1 (2n)!+ 1:termsfor cos x
L 4 o 3 2 :termsfor f
X X n+1 X : s
——=4 2 2 (= S ST 1: first threeterms
==+t U Gt _
1: genera term
(b) f’(0) isthecoefficient of x inthe Taylor seriesfor f about x = 0, 5. 1: determines f(0)
so f’(0) = 0. " | 1: answer with reason
00) _ 1 s the coeffici 2 inthe Taylor seriesfor f ab
o = isthe coefficient of x“ inthe Taylor seriesfor f about
_ ’” _i
x=0, so f (0)_12.
Therefore, by the Second Derivative Test, f has arelative minimum at
x=0.
3 5 1: two correct terms
X, X X
0 RBRX)=1l-c+F——x 2:
© R 2 34 5.6 {1:remainingterms
1 1 37 R
(d) 9(1)~1_§+ﬁ_72 2:{1.est|mate.
1: explanation

Sincethe Taylor seriesfor g about x = 0 evaluated at X =1 is
aternating and the terms decrease in absol ute value to 0, we know

37 1 1
‘g(l)_ﬁ <m<§.
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Question 6

o [ n n
The Maclaurin seriesfor the function f isgivenby f(x) = Z% onitsinterval of convergence.
n=2

(@) Find theinterval of convergence for the Maclaurin series of f. Justify your answer.

2
(b) Show that y = f(x) isasolution to the differential equation xy’ — y = liXZX for |x| < R, where R isthe

radius of convergence from part ().

(2X)n+1
@ lim ey -1 I|m‘2x n-1_ I|m‘2x n-1 =|2x| 1:setsupratio
N—o0 (2X)n n—oo n n T .
1: limit evaluation
n-1 5. 1 : radius of convergence
|2x| <1 for |x| < % " | 1: considers both endpoints
1 1: analysis and interval of
Therefore the radius of convergenceis 5 convergence

1 (= 1) D" _$_1
When x = -, thesene&sZ — _nzén_l.
Thisisthe harmonic series, WhICh dlverges
(= l) 1” (= 1)
When x = = 2 the seriesis z Z
Thisisthe aternating harmonlc series, WhICh converges.

Theinterval of convergence for the Maclaurin seriesof f is (—% %}

2 3 4 n n
(b) yz(zi) _(2)2() +(2§) _...+%+ 1: seriesfor y’
6 ( 1P (2x)" 4 1: seriesfor xy’
= 4x? —4x+3 N et | 1:seriesfor xy' -y
o )" (20" 4 2 1: analysis with geometric series
3 _
y =8x—12x% + = 3 + —]
. 64 (=)"n(2x)"
xy' = 8x% —12x° + 3 Xt -t n—1 +

Xy =y =4x% -8 +16x* — -+ (-1)"(2x)" +
= 4x2(1— 2X+4x2 — o+ (1) (20)" % + )

Theseries 1— 2+ 4x2 — -+ (=1)" (2x)" 2 + .- = Z(—Zx)” isa

geometric series that converges to % for |x| < <. Therefore
1

,_ el 2. 1 —_—
Xy = At for |x| < 5
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Question 6

Let f(x) = sin(xz) + cos x. The graph of y = ‘f(s)(x)‘ is

-

shown above.

120

l/—

(a) Write the first four nonzero terms of the Taylor series for

—~————l

80

sin x about x = 0, and write the first four nonzero terms

of the Taylor series for sin(xz) about x = 0. \\ /

/
yaNIIN R aN //

N /

(b) Write the first four nonzero terms of the Taylor series for V

cos x about x = 0. Use this series and the series for -1
sin(x2 ), found in part (a), to write the first four nonzero

terms of the Taylor series for f about x = 0.

(¢) Find the value of f(®(0).

0 1
Graph of y = | f(S)(x)|

(d) Let Py(x) be the fourth-degree Taylor polynomial for f about x = 0. Using information from the graph of

1

_| O 1) 1) 1
Y ‘f (x)‘ shown above, show that P4(4) f(4 <3000°

3 5 7
. X X X
(a) Slnx—x—¥+§—w+'
sin(xz)—xz—x—6+x—m—i+
B 3! 5! 7!

2 4 6
X X X
(b) cosx =1—Z+ 7y -5+
2 4 6
X X 121x
f(X):1+7+—'— 6!

) ot of 1 i |
(©) T s the coefficient of x” in the Taylor series for f about

x = 0. Therefore f(©(0) = —121.

7O ()| < 40.

(d) The graph of y = ‘ f S )(x)‘ indicates that max
OSXSZ

Therefore

max | £©)(x)
A= —

(1)5 40 1 1
4

<120.45 3072 " 3000°

: series for sin x

: series for sin(xz)

: series for cos x
: series for f(x)

1 : answer

[ 1: form of the error bound
" | 1: analysis
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Question 6

Let f(x) = ln(l + x3).

4 n
(a) The Maclaurin series for In(1 + x) is x — x? + XT - XT +o 4 (—1)'1+1 . x7 + ---. Use the series to write
the first four nonzero terms and the general term of the Maclaurin series for f.
(b) The radius of convergence of the Maclaurin series for f is 1. Determine the interval of convergence. Show
the work that leads to your answer.
(c) Write the first four nonzero terms of the Maclaurin series for f '(t ) If g(x) = I f dt use the first
two nonzero terms of the Maclaurin series for g to approximate g(1).
(d) The Maclaurin series for g, evaluated at x = 1, is a convergent alternating series with individual terms
that decrease in absolute value to 0. Show that your approximation in part (¢) must differ from g(1) by
1
less than 35
6 9 12 3n 1 : first four terms
3_X X X (et 2:
@ x 2 " g T (=D n 1 : general term
(b) The interval of convergence is centered at x = 0. 2 : answer with analysis
. I 1 1 1 .
At x = —1, the series is —1 —S T3 T, T which
diverges because the harmonic series diverges.
_ esis - L+ L Lyt Ly
At x =1, the series is 1 >ty a7t +(-1) P , the
alternating harmonic series, which converges.
Therefore the interval of convergence is —1 < x < 1.
(c) The Maclaurin series for f'(x), f '(z‘z), and g(x) are 1 : two terms for f '(tz)
> 1 : other terms for f'(¢*
L) Y3 T =30 =32 43 =3t 4: r1(¢)
e 1 : first two terms for g(x)
i 1 : approximation
f'(tz) : Z(—l)”+1 3872 = 3t 310 4 3410 3422 4 PP
n+l 3x _ 3x° 3xtl 0 3xl7 3x%
(x)Z() ‘5 117 23
3 3 _18
Thus g(l) = g—ﬁ = 55"
(d) The Maclaurin series for g evaluated at x =1 is alternating, and the 1 : analysis
terms decrease in absolute value to 0.
18 3-.17 3 1
Thus g(l) T—ﬁ<§
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Question 6

The function g has derivatives of all orders, and the Maclaurin series for g is
5

3
_X_Xx X ..
Z( )2n+3_ st

(a) Using the ratio test, determine the interval of convergence of the Maclaurin series for g.

(b) The Maclaurin series for g evaluated at x = % is an alternating series whose terms decrease in absolute

value to 0. The approximation for g(%) using the first two nonzero terms of this series is 112—0 Show that

this approximation differs from g(%) by less than 2(1) 0"

(c) Write the first three nonzero terms and the general term of the Maclaurin series for g’(x).

23 2n+3

. : sets up ratio
2n+5 2t p

(a)

_ (Zn + 3) 32 1
" \2n+5 o )
1 : computes limit of ratio

1 : identifies interior of

lim

n—oo

(2n+3)-x2=x2 5:

M+ 5 interval of convergence

1 : considers both endpoints

Pl = -l<x<l1 1 : analysis and interval of convergence

The series converges when —1 < x < 1.

_ oo 1 1 1 1
When x = —1, the series is 3 + 575 + 5
This series converges by the Alternating Series Test.

_ esis L1 L 1.
When x =1, the series is 373 + 7779 +

This series converges by the Alternating Series Test.

Therefore, the interval of convergence is —1 < x < 1.

1 _
(®) ‘gz)‘m< 7~ 224 <200

1 5
17 (5) 1 1 5 { 1 : uses the third term as an error bound
" | 1: error bound

2

U1|w
+
\llm

(c) g'(x)=

wl

o (=1)" (;nié) 24 2:{1:ﬁrstthreeterms
1 : general term
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Question 6

A function f has derivatives of all orders at x = 0. Let P,(x) denote the nth-degree Taylor polynomial
for f about x = 0.

(a)

1

It is known that f(0) = —4 and that P1(—) = —3. Show that f'(0) = 2.

2

(b) Itis known that £"(0) = —% and f"(0) = % Find Py(x).

(c) The function /4 has first derivative given by 4'(x) = f(2x). It is known that 4(0) = 7. Find the

third-degree Taylor polynomial for /2 about x = 0.

(a)

(b)

(©)

R(x) = f(0) + f'(0)x = =4 + f(0)x

Pl(%) = 4+ £(0) % =3

£1(0)5 =1
£1(0)=2

_ 12, 13
=—4+42x 3x +18x

Let O,(x) denote the Taylor polynomial of degree n for 4 about
x=0.

H(x) = f(2x) = 03'(x) = —4+2(2x) - 1 (2x)"

2 3
0:(x) =—4x+4~%—§~%+c; C = 05(0) = h(0) = 7
0y(x) =7 — 4x + 2x7 —gx3

OR

W(x) = f(2x), h'(x) = 2/"(2x), h"(x) = 4/"(2x)

H(0) = f(0) =4, 1"(0) = 2/"(0) = 4, K"'(0) = 4/"(0) = _g
2

X >
7]

8. X 4 2_4.3
3 3!—7 dx + 2x X

Os(x)=7—-4x+4 5

.|

1

:uses B(x)
: verifies f(0) = 2

: first two terms
: third term
: fourth term

:applies 4'(x) = f(2x)
: constant term

: remaining terms



	Blank Page
	Blank Page
	Blank Page
	Blank Page
	Blank Page
	Blank Page
	Blank Page
	Blank Page
	Blank Page
	Blank Page
	Blank Page
	Blank Page
	Blank Page
	Blank Page
	Blank Page
	Blank Page
	Blank Page
	Blank Page
	Blank Page
	Blank Page
	Blank Page
	Blank Page
	Blank Page
	Blank Page
	Blank Page
	Blank Page
	Blank Page
	Blank Page
	Blank Page
	Blank Page
	Blank Page
	Blank Page
	Blank Page
	Blank Page
	Blank Page
	Blank Page
	Blank Page
	Blank Page
	Blank Page
	Blank Page
	Blank Page
	Blank Page
	Blank Page
	Blank Page
	Blank Page
	Blank Page
	Blank Page
	Blank Page
	Blank Page
	Blank Page
	Blank Page
	Blank Page
	Blank Page
	Blank Page
	Blank Page
	Blank Page
	Blank Page
	Blank Page
	Blank Page
	Blank Page
	Blank Page
	Blank Page
	Blank Page
	Blank Page
	Blank Page
	Blank Page
	Blank Page
	Blank Page
	Blank Page
	Blank Page
	Blank Page
	Blank Page
	Blank Page
	Blank Page
	Blank Page
	Blank Page
	Blank Page
	Blank Page
	Blank Page
	Blank Page
	Blank Page
	Blank Page
	Blank Page
	Blank Page
	Blank Page
	Blank Page
	Blank Page
	Blank Page
	Blank Page
	Blank Page
	all 1998 to 2015.pdf
	Blank Page
	Blank Page
	Blank Page
	Blank Page
	Blank Page
	Blank Page
	Blank Page
	Blank Page
	Blank Page
	Blank Page
	Blank Page
	Blank Page
	Blank Page
	Blank Page
	Blank Page
	Blank Page
	Blank Page
	Blank Page
	Blank Page
	Blank Page
	Blank Page
	Blank Page
	Blank Page
	Blank Page
	Blank Page
	Blank Page
	Blank Page
	Blank Page
	Blank Page
	Blank Page
	Blank Page
	Blank Page
	Blank Page
	Blank Page
	Blank Page
	Blank Page
	Blank Page
	Blank Page
	Blank Page
	Blank Page
	Blank Page
	Blank Page
	Blank Page
	Blank Page
	Blank Page
	Blank Page
	Blank Page
	Blank Page
	Blank Page
	Blank Page
	Blank Page

	Blank Page
	Blank Page
	all 1998 to 2015.pdf
	Blank Page
	Blank Page
	Blank Page
	Blank Page
	Blank Page
	Blank Page
	Blank Page
	Blank Page
	Blank Page
	Blank Page
	Blank Page
	Blank Page
	Blank Page
	Blank Page
	Blank Page
	Blank Page
	Blank Page
	Blank Page
	Blank Page
	Blank Page
	Blank Page
	Blank Page
	Blank Page
	Blank Page
	Blank Page
	Blank Page
	Blank Page
	Blank Page
	Blank Page
	Blank Page
	Blank Page
	Blank Page
	Blank Page
	Blank Page
	Blank Page
	Blank Page
	Blank Page
	Blank Page
	Blank Page
	Blank Page
	Blank Page
	Blank Page
	Blank Page
	Blank Page
	Blank Page
	Blank Page
	Blank Page
	Blank Page
	Blank Page
	Blank Page
	Blank Page

	Blank Page
	Blank Page
	Blank Page



