AP Calculus BC
Chapter SERIES and TAYLOR AP Exam Problems

All problems are NON CALCULATOR unless otherwise indicated.

(5+n)" 5"
1. IfS = = ( )100 , to what number does the sequence {S,} converge?
4+n

1 3 5 100
A) = B) 1 Q) " D) (Zj E) Does not converge

2. Which of the following series are convergent?

I 1+—2+3—2+ +?+

1
II 1+—+—+-+—+

3 n

n+1
-1

I1 1—1+3—12—‘ (321 +--
A) Tonly C) Tand III E) I, 11, and III
B) Il only D) Il and III

3. Which of the following series converge?

2 w1 1 = 1(3Y |
LY (-1 Ly =)= 111,

;( ) 2n+1 ,,Z_;‘n(Zj “~= nlnn
A) Tonly C) II only E) I, 1I, and III
B) Il only D) T'and III

4. Which of the following series diverge?

LYyt Ly [6Jk .y (1)
=0 e &7 &k
A) None C) II only E) ITand III
B) Il only D) T'and III
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AP Calculus BC
Chapter SERIES and TAYLOR AP Exam Problems

. Which of the following series converge?

© n =, cos(nr) - 1
L. IL. I11. —

; n+2 ,,Z:; n ,,Z:; n
A) None C) I only E) Iand III
B) Il only D) T'and Il

. If lim I 1b d—)p( is finite, which of the following must be true?
X

b—ow

51 S 1

A) Z — converges D) Z T converges
n=1 N n=1N
0 1 ] 0 1 .

B) Z — diverges E) Z 7 diverges
n=1 n n=1 n

S|
C) Z —- converges

kn n
© _1 0
. For what integer k, k > 1, will both Z ( ) and Z (%j converge?
n=2 n n=1

A) 6 B) 5 C) 4 D) 3 E) 2

- (_1)n+1 2n-1
_ X
. For -1<x<1if f(x)=2—,then f'(x)=

= 2n-1
A) Y (1) ke Q) (1) 1 E) 3(-1)" x>
B) i(—1)”x2"2 D) i(—1)”x2"

. The coefficient for x* in the Taylor series for ¢** aboutx =0 is

1 1 1 3 9
A) — B) — C) = D) — E) =
)6 )3 )2 )2 )2
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AP Calculus BC
Chapter SERIES and TAYLOR AP Exam Problems

10. Which of the following is a series expansion of sin(2x)?

P R (_1)”‘1X2n71 ¥oxt xS el
A) X_§+§_...+W+... D) §+Z+a+.”+(2n)!+.“
B) 2x—@+@—---+(_1)n_1(zx)2n71+--- E) 2)<+(2X)3+(2X)5+---+(2X)2n_1 + -
3! 5! (2n—1)! 3! 5! (2n-1)!
g @2 @) (@)
2! 4! (2n)!

11. The coefficient of x° in the Taylor series expansion about x = 0 for f(x) =sin(x2) is

1 1 1
A) —= B) 0 ) — D) E) 1
) —¢ ) ) 50 ) 2 )

12. What is the approximation of the value of sinl obtained by using the fifth-degree Taylor
polynomial about x = 0 for sinx ?

A) 1—1+i Q) 1—1+l E) 1—1+i
2 24 35 6 120
B) 1—1+l D) 1—1+1
2 4 4 8

13.1f Z a,x" is a Taylor series that converges to f(x) for all real x, then f'(1)=
n=0

A) 0 Q) Zw:an E) i:nanx”‘1
n=0 n=1

B) q, D) inan
n=1

14. (CALCULATOR PROBLEM) The graph of the function represented by the Maclaurin series

2 3 -1 ”Xn

1—x+x——x—+---+i+--- intersects the graph of y=x* atx=
2 3! n!

A) 0.773 B) 0.865 C) 0.929 D) 1.000 E) 1.857
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Chapter SERIES and TAYLOR AP Exam Problems

= (x-1)"
15. What are all values of x for which the series Z ( ) converges?
n=1 n

A) -1<x<1 C) 0<x<2 E) 0<x<2
B) -1<x<1 D) 0<x<2

n

16. What are all values of x for which the series Z x converges?
n=1

A) -1<x<1 C) -1<x<1 E) all real x
B) -1<x<1 D) -1<x<1
. & (x-1)"
17. The interval of convergence of Z 7 is
n=0
A) -3<x<3 C) 2<x<4 E) 0<x<2
B) -3<x<3 D) —2<x<4
_ & (x+2)
18. What are all values of x for which the series Z T converges?
n=1 n
A) 3<x<-1 C) 3<x<-1 E) -1<x<1
B) 3<x<-1 D) -1<x<1
19. (1990 BC5) Let fbe the function defined by f(x)= ! 1
X_

(a) Write the first four terms and the general term of the Taylor series expansion of f(x)
aboutx = 2.

(b)  Use the result from part (a) to find the first four terms and the general term of the
series expansion about x = 2 for 1n| x—1 |

() Use the series in part (b) to compute a number that differs from ln; by less than 0.05.

Justify your answer.

——
N
| —



20. (1992 BC6) Consider the series z

21.

22

23.

AP Calculus BC
Chapter SERIES and TAYLOR AP Exam Problems

1

p
~'n’Inn

, where p>0.

(a) Show that the series converges for p > 1.
(b) Determine whether the series converges or diverges for p = 1. Show your analysis.
(c) Show that the series diverges for 0<p<1.

(1995 BC4) Let f be a function that has derivatives of all orders for all real numbers. Assume

f(1)=3, f()=-2, f'(1=2, and f"(1)=4.

(a) Write the second-degree Taylor polynomial for f about x = 1 and use it to approximate
f(0.7).

(b)  Write the third-degree Taylor polynomial for f about x = 1 and use it to approximate
f(1.2).

() Write the second-degree Taylor polynomial for f’, the derivative of f, about x = 1 and
use it to approximate f'(1.2).

.(1997 BC2) Let P(x):7—3()(—4)+5(x—4)2 —2()(—4)3 +6(x—4)4 be the fourth-degree

Taylor polynomial for the function f about x = 4. Assume f has derivatives of all orders for all
real numbers.

(a) Find f(4) and f"(4).
(b)  Write the second-degree Taylor polynomial for f' about x = 4 and use it to
approximate f’(4.3).

() Write the fourth-degree Taylor polynomial for g(x)= j: f(t)dt about 4.

(d) Can f(3) be determined from the information given? Justify your answer.

(1998 BC3) Let f be a function that has derivatives of all orders for all real numbers. Assume

f(0)=5, f(0)=-3, f'(0)=1, and f"(0)=4.

(a) Write the third-degree Taylor polynomial for f about x = 0 and use it to approximate
f(0.2).

(b)  Write the fourth-degree Taylor polynomial for g, where g(x)= f(x2 ), aboutx=0.

() Write the third-degree Taylor polynomial for h, where h(x)= j: f(t)dt, aboutx = 0.

(d)  Lethbe defined as in part (c). Given that f(1)=3, either find the exact value of h(1) or
explain why it cannot be determined.
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Chapter SERIES and TAYLOR AP Exam Problems

24. (1999 BC4) The function fhas derivatives of all orders for all real numbers x. Assume that

f(2)==3, f(2)=5, f'(2)=3, and f"(2)=-8.

(a) Write the third-degree Taylor polynomial for fabout x = 2 and use it to approximate
f(1.5).
(b)  The fourth derivative of f satisfies the inequality ‘ f 4(x)‘ < 3 for all x in the closed

interval [1.5, 2]. Use the Lagrange error bound on the approximation to f(1.5) found
in part (a) to explain why f(1.5)#-5.
() Write the fourth-degree Taylor polynomial, P(x), for g(x)= f (x2 +2) aboutx = 0. Use

P to explain why g must have a relative minimum at x = 0.

n

x"+--- for all xin the

25. (2001 BC6) A function fis defined by f(x):%+3%x+ix2 roop il

33 3n+1

interval of convergence of the given power series.

(a) Find the interval of convergence for this power series. Show the work that leads to
your answer.

100~
(b)  Find lim .

x—0 X

() Write the first three nonzero terms and the general term for an infinite series that
1
represents IO f(x)dx.

(d)  Find the sum of the series determined in part (c).

26. (2002 BC6) The Maclaurin series for the function fis given by
4x* 8x° 16x* (ZX)H1
+ + o

2 3 4 n+1

n+1

2 (2
Y .

+ ...

(a) Find the interval of convergence of the Maclaurin series for f. Justify your answer.
(b)  Find the first four terms and the general term of the Maclaurin series for f'(x).

() Use the Maclaurin series you found in part (b) to find the value of f’[—%j .
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27.(2002B BC6) The Maclaurin series for ln[

28.

29.

AP Calculus BC
Chapter SERIES and TAYLOR AP Exam Problems

o0 n

X"

J is »_ — with interval of convergence
n=1 N

-1<x<1.

(a)

(b)

(c)

(d)

Find the Maclaurin series for ln( J and determine the interval of convergence.

1+3x

Find the value of i (_1) .
— n

-1)' 21
Give a value of p such that Z ) converges, but Z —, diverges. Give reasons why
n=1 n=1
your value of p is correct.

. - 1. - 1 :
Give a value of p such that E — diverges, but E —, converges. Give reasons why
n=1 n n=1 n

your value of p is correct.

(2003 BC6) The function fis defined by the power series
1 n 2n X2 X4 X6 1 n Zn

(a)

(b)
(c)

- 4. --- for all real numbers x.
31 51 71 (2n+1)'

Find f’(0)and f"(0). Determine whether fhas a local maximum, a local minimum, or
neither at x = 0. Give a reason for your answer.

Show that 1 —% approximates f{1) with error less than L

Show that y = f(x) is a solution to the differential equation xy’'+ y =cosx.

(2003B BC6) The function fhas a Taylor series about x = 2 that converges to f{x) for all x in the

1)!
interval of convergence. The nth derivative of fat x = 2 is given by f"(2)= (’13;") forn>1,

and f(2) =1.

(a) Write the first four terms and the general term of the Taylor series for fabout x = 2.

(b) Find the radius of convergence for the Taylor series for fabout x = 2. Show the work
that leads to your answer.

() Let g be a function satisfying g(2) = 3 and g'(x)= f(x) for all x. Write the first four
terms and the general tem of the Taylor series for g about x = 2.

(d) Does the Taylor series for g as defined in part (c) converge at x = -2? Give a reason for

your answer.
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30. (2004 BC6) Let fbe the function given by f(x)= sin(Sx + %J, and let P(x) be the third-degree

31.

32

Taylor polynomial for fabout x = 0.

(a)
(b)

(c)
(d)

Find P(x).

Find the coefficient of x** in the Taylor series for fabout x = 0.

1 1 1
f (ﬁ)"’(ﬁ)\%'

Let G be the function given by G(x)= IOX f(t)dt . Write the third-degree

Use the Lagrange error bound to show that

Taylor polynomial for G about x = 0.

(2004B BC2) Let fbe a function having derivatives of all orders for all real numbers. The
third-degree Taylor polynomial for fabout x = 2 is given by T(x)=7-9(x —2)" —3(x —2)’.

(a)
(b)

(c)

(d)

Find f(2) and f"(2).

Is there enough information given to determine whether fhas a critical point at x = 2?
If not, explain why not. If so, determine whether f{2) is a relative maximum, a relative
minimum, or neither, and justify your answer.

Use T(x) to find an approximation for f{0). Is there enough information given to
determine whether fhas a critical point at x = 0? If not, explain why not. If so,
determine whether f{0) is a relative maximum, a relative minimum, or neither, and
justify your answer.

The fourth derivative of fsatisfies the inequality ‘ f® (x)‘ <6 for all x in the closed

interval [0, 2]. Use the Lagrange error bound on the approximation to f{0) found in
part (c) to explain why f{0) is negative.

. (2005 BC6) Let f by a function with derivatives of all orders and for which f{2) =7. When n is

odd, the nth derivative of fat x = 2 is 0. When n is even and n>2, the nth derivative of fat x = 2

_1)
is given by f(2)= (n-1)

(a)
(b)
(c)

37’1
Write the sixth-degree Taylor polynomial for fabout x = 2.
In the Taylor series for fabout x = 2, what is the coefficient of (x —2)*" for n>1?

Find the interval of convergence of the Taylor series for fabout x = 2. Show the work
that leads to your answer.
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33.

34.

35.

AP Calculus BC
Chapter SERIES and TAYLOR AP Exam Problems

(2005B BC3) The Taylor series about x = 0 for a certain function f converges to f{x) for all x in

_ n+1 1

the interval of convergence. The nth derivative of fat x = 0 is given by f(0)= %
n J—

for n>2. The graph of fhas a horizontal tangent line at x = 0, and f{0) = 6.

(a) Determine whether fhas a relative maximum, a relative minimum, or neither at x = 0.
Justify your answer.

(b) Write the third-degree Taylor polynomial for fabout x = 0.

() Find the radius of convergence of the Taylor series for fabout x = 0. Show the work
that leads to your answer.

(2006 BC6) The function fis defined by the power series:
z 3 -1)"nx"
f(x):_i_FZX _3X +...+( ) X
2 3 4 n+1
converges. The function g is defined by the power series:

x x* X (-1)"x"
TR T T

+... for all real numbers x for which the series

+--- for all real numbers x for which the series converges.

(a) Find the interval of convergence of the power series for f. Justify your answer.
(b)  The graph of y= f(x)—g(x)passes through the point (0,-1). Find y'(0)and y"(0).

Determine whether y has a relative minimum, a relative maximum, or neither at x = 0.
Give a reason for your answer.

(2006B BC6) The function fis defined by f(x)= The Maclaurin series for fis given by

1+x°
1-x*+x°—x" +---+(-1)"x*" +---, which converges to f{x) for —-1<x<1.

(a) Find the first three nonzero terms and the general term for the Maclaurin series for

f'(x).
(b) Use your results fron part (a) to find the sum of the infinite series
3 6 9 2 3N
_?+2_5_2_8+--.+(_1) 23?4_ .

(c) Find the first four nonzero terms and the general term for the Maclaurin series
1/2
representing IO f(t)dt.
(d) Use the first three nonzero terms of the infinite series found in part (c) to approximate

/ /
J: 2f(t)dt . What are the properties of the terms of the series representing Ll 2f(t)dt

that guarantee that this approximation is within of the exact value of the

)

integral?
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O
| —



AP Calculus BC
Chapter SERIES and TAYLOR AP Exam Problems

36. (2007 BC6) Let fbe the function given by f(x) e,

(a)

(b)
(c)

(d)

Write the first four nonzero terms and the general term of the Taylor series for f about
x=0.
1-x* - f(x)

" :

Use your answer to part (b) to find lin(}
X—> X

Write the first four nonzero terms of the Taylor series for '[Oxe’tzdt about x = 0. Use the

1/2 2

first two terms of your answer to estimatef e‘dt.

0

Explain why the estimate found in part (c) differs from the actual value of J.Ol/ze*tzdt by

less than L .

37.(2007B BC6) Let fbe the function given by f(x)=6e " for all x.

(a)

(b)

(c)

Find the first four nonzero terms and the general term for the Taylor series for fabout
x=0.

Let g be the function given by g(x)= I: f(t)dt . Find the first four nonzero terms and

the general term for the Taylor series for g about x = 0.
The function h satisfies h(x)=kf'(ax)for all x, where a and k are constants. The Taylor
2 3 n

series for h about x = 0 is given byh(x)=1+x+%+%+~-+x—'+-~-. Find the values of
ro3l n!

a and k.

10
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38. (2008 BC3) calculator permited

hx) | W) | W) | W | h@x
11 30 42 99 18
488 448 584
8 128 3 3 9
31 753 1383 3483 1125
2 4 16 16

Let h beafunction having derivatives of all ordersfor x > 0. Selected values of h and itsfirst four
derivatives are indicated in the table above. The function h and these four derivatives are increasing on
theinterval 1< x < 3.

(a) Write thefirst-degree Taylor polynomial for h about x = 2 and useit to approximate h(1.9). Isthis
approximation greater than or less than h(1.9) ? Explain your reasoning.

(b) Write the third-degree Taylor polynomial for h about x = 2 and useit to approximate h(1.9).

(c) Usethe Lagrange error bound to show that the third-degree Taylor polynomial for h about x = 2
approximates h(1.9) with error lessthan 3x 1074,

39. (2008 BC6)

Consider the logistic differential equation % = %(6 —Yy). Let y = f(t) betheparticular solution to the

differential equation with f(0) = 8.

(8 A dopefield for thisdifferential equation is given below. Sketch possible i
solution curves through the points (3, 2) and (0, 8). N S NS SN N N NN NN

. . AN NN NN NN NN NN

(Note: Usethe axesprovided in the exam booklet.) N N Y

(b) Use Euler'smethod, starting at t = O with two steps of equal size, to g
approximate f (1). NIy,

() Write the second-degree Taylor polynomial for f about t = 0, and use it N AT,
to approximate f (1). i AAAAAAAAAAAA

(d) Whatistherangeof f fort >07? SAENNANSASNANNR

11



40. (2008B BC6)

2X
1+ X

Let f bethefunctiongivenby f(Xx) = 5

(&) Writethefirst four nonzero terms and the general term of the Taylor seriesfor f about x = O.
(b) Doesthe seriesfound in part (a), when evaluated at x = 1, convergeto f (1) ? Explain why or why

not.
(c) Thederivativeof In(1+x*) is : 2X . Write the first four nonzero terms of the Taylor series for
+ X
In(1+ x?) about x = 0.
(d) Usethe seriesfound in part (c) to find arational number A such that ‘A— In(%)‘ < ﬁ Justify

your answer.

41. (2009 BC4)

Consider the differential equation % = 6x° — x?y. Let y = f(x) beaparticular solution to this

differential equation with theinitial condition f(-1) = 2.
(8 Use Euler's method with two steps of equal size, starting at x = —1, to approximate f(0). Show the
work that leads to your answer.

2
(b) Atthepoint (-1, 2), thevalue of % is —12. Find the second-degree Taylor polynomial for

2
f about x = -1.

(c) Findthe particular solution y = f(X) to the given differential equation with the initial condition
f(-1) =2

42. (2009 BC6)

2 3 n

The Maclaurin seriesfor € ise* =1+ x + X7 + % ot % + ---. The continuous function f is defined
D _q _ _—
by f(x)= W for x# 1 and f (1) =1. Thefunction f hasderivativesof all ordersat x = 1.
X_

2
(a) Writethefirst four nonzero terms and the general term of the Taylor seriesfor D" apout x = 1.

(b) Usethe Taylor seriesfound in part (a) to write the first four nonzero terms and the general term of the
Taylor seriesfor f about x = 1.

(c) Usetheratio test to find the interval of convergence for the Taylor series found in part (b).

(d) Usethe Taylor seriesfor f about x =1 to determine whether the graph of f has any points of
inflection.

12



43.

(2009B BC6)

Question 6

The function f is defined by the power series

f(X) =1+ (X+1) +(X+D2+ -+ (X+D)" +-- = i:(x+1)n
n=0

for al real numbers x for which the series converges.

(@
(b)

(©)

(d)

Find the interval of convergence of the power seriesfor f. Justify your answer.
The power series above isthe Taylor seriesfor f about x = —1. Find the sum of the seriesfor f.

Let g bethefunction defined by g(x) = Ijlf(t) dt. Find the value of g( 1), if it exists, or explain

2
why g(—%) cannot be determined.

Let h be the function defined by h(x) = f(x* —1). Find the first three nonzero terms and the general

term of the Taylor seriesfor h about x = 0, and find the value of h(%)

44. (2010 BC6)

COS);_l for x#0
f(x)= X
—% for x=0

The function f, defined above, has derivatives of al orders. Let g be the function defined by

g(X

(@

(b)

(©)
(d)

)=1+j;fa)m.

Write the first three nonzero terms and the general term of the Taylor seriesfor cos x about x = 0. Use this
series to write the first three nonzero terms and the general term of the Taylor seriesfor f about x = 0.

Usethe Taylor seriesfor f about x = 0 found in part (8) to determine whether f has arelative maximum,
relative minimum, or neither at x = 0. Give areason for your answer.

Write the fifth-degree Taylor polynomial for g about x = 0.

The Taylor seriesfor g about x = 0, evaluated at x =1, isan aternating series with individual terms that
decrease in absolute value to 0. Use the third-degree Taylor polynomial for g about x = 0 to estimate the
1

valueof g(1). Explain why this estimate differs from the actual value of g(1) by lessthan B

13



45. (2010B BC6)

Question 6

o o & (- (2x)" L
The Maclaurin series for the function f is given by f(x) = Z% on its interval of convergence.
n=2
(a) Find the interval of convergence for the Maclaurin series of f. Justify your answer.

2
(b) Show that y = f(x) is a solution to the differential equation xy —y = 1‘_1:(2)( for | x| < R, where R is the

radius of convergence from part (a).

46. (2011 BC6)

Question 6

-

Let f(x) = sin(xz) + cos x. The graph of y = ‘f(s)(x)‘ is

shown above.

120 /
/

l/—

(a) Write the first four nonzero terms of the Taylor series for
sin x about x = 0, and write the first four nonzero terms

80 /
VeI = aN //

of the Taylor series for sin(x?) about x = 0. 7 e \
() \ / |/ \
(b) Write the first four nonzero terms of the Taylor series for V v -
cos x about x = 0. Use this series and the series for -1 o 1
sin(xz), found in part (a), to write the first four nonzero Graphof y = |f (5)(X)|

terms of the Taylor series for f/ about x = 0.
(¢) Find the value of f(6)(0).

(d) Let Py(x) be the fourth-degree Taylor polynomial for f about x = 0. Using information from the graph of

R pe

y = ‘f(s)(x)‘ shown above, show that

14



47. (2011B BC6)

Let f(x) = ln(l + x3).

2 3 4 n
(a) The Maclaurin series for In(1+ x) is x — L XXy (—1)"“ . x7 + ---. Use the series to write

2 3 4
the first four nonzero terms and the general term of the Maclaurin series for f.

(b) The radius of convergence of the Maclaurin series for f is 1. Determine the interval of convergence. Show
the work that leads to your answer.

(c) Write the first four nonzero terms of the Maclaurin series for f '(tz). If g(x) = I: f '(tz) dt, use the first
two nonzero terms of the Maclaurin series for g to approximate g(1).

(d) The Maclaurin series for g, evaluated at x = 1, is a convergent alternating series with individual terms
that decrease in absolute value to 0. Show that your approximation in part (¢) must differ from g(1) by

1
less than 5

48. (2012 BC6)

The function g has derivatives of all orders, and the Maclaurin series for g is

el " x2n+1 x x3 XS
DNl it B S M

(a) Using the ratio test, determine the interval of convergence of the Maclaurin series for g.

(b) The Maclaurin series for g evaluated at x = % is an alternating series whose terms decrease in absolute

value to 0. The approximation for g(%) using the first two nonzero terms of this series is % Show that

this approximation differs from g(%) by less than %00

(c) Write the first three nonzero terms and the general term of the Maclaurin series for g’(x).

49. (2013 BC6)

A function f has derivatives of all orders at x = 0. Let P,(x) denote the nth-degree Taylor polynomial
for f about x = 0.

(a) Itis known that £(0) = —4 and that Pl(%) — _3. Show that f"(0) = 2.

(b) Itis known that £"(0) = —% and f7(0) = % Find Py(x).

(c) The function /4 has first derivative given by 4'(x) = f(2x). It is known that 4(0) = 7. Find the
third-degree Taylor polynomial for /4 about x = 0.

15



Answer Key

1. A 1993 BC #31 46% 10.B 1988 BC #13 77%
2. C 1985 BC #14 82% 11.A 1993 BC #43 26%
3. A 1988 BC #44 35% 12.E 1998 BC #14 68%
4. A 1993 BC #16 57% 13.D 1998 BC #27  35%
5. B 1998 BC #18 35% 14.A 1998 BC #89 56%
6. A 1998 BC #22 68% 15.D 1985 BC #31 53%
7. D 1998 BC #76  60% 16.C 1988 BC #38 52%
8. A 1985 BC #10 49% 17.C 1993 BC #27  49%
9. E 1985 BC #42  64% 18.B 1998 BC #84 40%
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