Section 4-15 : Power Series and Functions

1. Write the following function as a power series and give the interval of convergence.
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Step 1
First, in order to use the formula from this section we know that we need the numerator to be a one.
That is easy enough to “fix” up as follows,

Step 2
Next, we know we need the denominator to be in the form 1— p and again that is easy enough, in this

case, to rewrite the denominator to get the following form of the function,

f(x):6T17X4)

Step 3
At this point we can use the formula from the notes to write this as a power series. Doing this gives,

f(x)=6—=6§:(—7x4)n provided |—7x4|<1

Step 4
Now, recall the basic “rules” for the form of the series answer. We don’t want anything out in front of
the series and we want a single x with a single exponent on it.

These are easy enough rules to take care of. All we need to do is move whatever is in front of the series
to the inside of the series and use basic exponent rules to take care of the x “rule”. Doing all this gives,

F()=36(=7)" (<) = 26(-7) x" provided |-7x‘| <1

Step 5
To get the interval of convergence all we need to do is do a little work on the “provided” portion of the
result from the last step to get,



|—7x4|<1—> 7|x|4<1 — |x|4<1 — |x|<i1 — —i1<x<i1
7 7% 74 74

Note that we don’t need to check the endpoints of this interval since we already know that we only get
convergence with the strict inequalities and we will get divergence for everything else.

Step 6
The answers for this problem are then,

Power Series : %:ZG(—?)”X“” Interval : —i1<x<i1
1+7x° 3

2. Write the following function as a power series and give the interval of convergence.

Step 1
First, in order to use the formula from this section we know that we need the numerator to be a one.
That is easy enough to “fix” up as follows,

Step 2
Next, we know we need the denominator to be in the form 1— p and again that is easy enough, in this
case, to rewrite the denominator by factoring a 3 out of the denominator as follows,
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Step 3
At this point we can use the formula from the notes to write this as a power series. Doing this gives,

x* 1 X2 &y 2 e
f(X)=?m:?zo(§X ) prOVIded |§X |<1
3 n=f

Step 4
Now, recall the basic “rules” for the form of the series answer. We don’t want anything out in front of
the series and we want a single x with a single exponent on it.



These are easy enough rules to take care of. All we need to do is move whatever is in front of the series
to the inside of the series and use basic exponent rules to take care of the x “rule”. Doing all this gives,

=X?i( ) =i%x3(%)n(xz)n ZE(%)HH X2n+3 provided |%X2|<1
n= n=0 n=0

Step 5
To get the interval of convergence all we need to do is do a little work on the “provided” portion of the
result from the last step to get,

|§x2|<1—> <1 - |x<3 - <3 - —B<x<+B

Note that we don’t need to check the endpoints of this interval since we already know that we only get
convergence with the strict inequalities and we will get divergence for everything else.

Step 6
The answers for this problem are then,

Power Series : - S N e Interval : —+/3<x<+/3

3. Write the following function as a power series and give the interval of convergence.
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Step 1
First, in order to use the formula from this section we know that we need the numerator to be a one.
That is easy enough to “fix” up as follows,
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f(x :3X2—
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Step 2

Next, we know we need the denominator to be in the form 1— p and again that is easy enough, in this

case, to rewrite the denominator by factoring a 5 out of the denominator as follows,



Step 3
At this point we can use the formula from the notes to write this as a power series. Doing this gives,
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Step 4
Now, recall the basic “rules” for the form of the series answer. We don’t want anything out in front of
the series and we want a single x with a single exponent on it.

These are easy enough rules to take care of. All we need to do is move whatever is in front of the series
to the inside of the series and use basic exponent rules to take care of the x “rule”. Doing all this gives,
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Step 5

To get the interval of convergence all we need to do is do a little work on the “provided” portion of the
result from the last step to get,
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%3/;‘<1—> §|x|%<1 N |x|%<i - X< 5 —Box<i

Note that we don’t need to check the endpoints of this interval since we already know that we only get
convergence with the strict inequalities and we will get divergence for everything else.

Step 6
The answers for this problem are then,
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4. Give a power series representation for the derivative of the following function.

5X
9(¥) =13




Hint : While we could differentiate the function and then attempt to find a power series representation
that seems like a lot of work. It’s a good think that we know how to differentiate power series.

Step 1
First let’s notice that we can quickly find a power series representation for this function. Here is that
work.

g(x)=5x$=5x§(3x5)”=§ ( ) 25( )5n+1

Step 2
Now, we know how to differentiate power series and we know that the derivative of the power series
representation of a function is the power series representation of the derivative of the function.

Therefore,

_%{gs(sn)xf’”*l} Zs (5n+1)(3")x""

Remember that to differentiate a power series all we need to do is differentiate the term of the power
series with respect to x.

5. Give a power series representation for the integral of the following function.
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Hint : Integrating this function seems like (potentially) a lot of work, not to mention determining a
power series representation of the result. It’s a good think that we know how to integrate power series.

Step 1
First let’s notice that we can quickly find a power series representation for this function. Here is that
work.

M)~y e o 28 = 6 X = B )

n=0 n=0 n=0

Step 2
Now, we know how to integrate power series and we know that the integral of the power series
representation of a function is the power series representation of the integral of the function.



Therefore,

_[h(x)dx = > (-1 (%)n+1 x2™4dx = ¢+ iﬁ(—l)" (%)n+1 x2m®
n=0

n=0

Remember that to integrate a power series all we need to do is integrate the term of the power series
and we can’t forget to add on the “+c” since we’re doing an indefinite integral.







